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Abstract 



\ A new formula for the composite Higgs boson mass is given, based on the Ward- 

£T) ' Takahashi identity and the Schwinger-Dyson(SD) equation. In this formula the dominant 

asymptotic solution of the SD equation yields a correct answer, in sharp contrast to the 
Partially Conserved Dilatation Current(PCDC) approach where the sub- and sub-sub- 
dominant solutions should be taken into account carefully. In the gauged Nambu-Jona- 
Lasinio model we find Mh ~ \[2M for the composite Higgs boson mass Mh and the 
dynamical mass of the fermion M in the case of the constant gauge coupling(with large 
cut off), which is consistent with the PCDC approach and the renormalization-group ap- 
proach. As to the case of the running gauge coupling, we find Mh — 2\/ (A — 1)/(2A — 1)M, 
where A = 18C2/(lliV c — 2Nf) with Ci being the quadratic Casimir of the fermion repre- 
sentation. We also discuss a straightforward application of our formula to QCD(without 
4- Fermi coupling), which yields M a ~ \/2Md yn , with M a and Md yn being the light 
scalar("cr-meson") mass and mass of the constituent quark, respectively. 



The Nambu-Jona-Lasinio(NJL) model [JJ, which is not renormalizable in 4 dimensions, is fa- 
miliar to us as an example of model for the dynamical symmetry breaking. The Gauged Nambu- 
Jona-Lasinio(GNJL) model has been studied vigorously 0, |3| and is known to be renormaliz- 
able in 4 dimensions [§J. Phenomenologically, it has been applied to the Top Mode Standard 
Model(TMSM) [§]. Unfortunately, however, it has been complicated to calculate the composite 
Higgs boson mass in this model by the approach based on the Schwinger-Dyson(SD) equation. 
Namely, the previous manner to estimate the composite Higgs boson mass |J was based on 
the Partially Conserved Dilatation Current (PCDC) relation 0, where we needed inevitably to 
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know the vacuum energy in the broken phase by way of the Cornwall- Jackiw-Tomboulis(CJT) 
potential §. The PCDC relation is 0] 



where E, d a and dg are the vacuum energy, the scale dimension of o and that of the trace 
of the energy-momentum tensor, respectively. In the GNJL model, we know dg = 2d a and 
d a = 2 — yjl — A/A c |J, where A = 3C2tt/47r and A c = 1/4, with g and C2 being the gauge 
coupling constant and the quadratic Casimir of the fundamental representation, respectively. 

In this manner, the result based on the full non-linear SD equation yields M# ~ \[2M 
H, [H|, while the linearized solution does Mh — 2M for A < 1 (|. It implies that the usual 



bifurcation method ]TT| does not work in this method. Besides the SD approach, on the other 
hand, we can obtain the same result as that of the full non-linear one, M H V?M, by the 
renormalization-group(RG) approach ]12[ 10|. In the RG approach, of course, we need not know 
the vacuum energy in the broken phase. Thus, it would be natural to seek another method 
without using the vacuum energy even in the SD approach. 

In this paper, we derive a formula for the composite Higgs boson mass based on the Ward- 



Takahashi (WT) identity by using the technique of Ref. Then, we obtain analytically the 
same result as the RG approach in the case of the constant gauge coupling and new result for 
the running gauge coupling. Finally, we simply apply our method to the light scalar meson ( "a 
meson") in the QCD. 

Let us consider the S77(iV c )-gauged NJL model, with U(1)l x U(1)r chiral symmetry for 
simplicity: 
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^-g^ + —- (V^f + ^TsVO 2 --tr(F^) (2) 
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where we have used the auxiliary field method, a oc tpip and tt oc ipi'j^, and ip belongs to the 
fundamental representation of SU(N C ), and g and G are the gauge coupling and the 4- Fermi 
coupling, respectively. Following Ref. [Tj|, we consider the partition function including the 
source terms for the composite bosons from the beginning, which yields desired WT identities. 
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Let us consider the following partition function: 

Z[r), fj, J A)1 , J a , J n ] = J VipVipVA^VaVic exp J dx 4 C + C sourse ^j , (4) 

£sourse = fa + fjlfj + J + J CT (T + J^TT. (5) 

Then, we easily obtain the chiral WT identity as follows: 

dp{ifrf js1>) j + i(fns^)j + i(fasv)j + 2i(J^)j - 2i(J 7T (x)j = 0. (6) 

In the usual way, we define the effective action F[ij),ip,A fl ,a,'n'] by the Legendre transformation 
of W[J], where W[J] is the generating functional for the connected Green function (zW[J] = 
lnZ[J]). After we rewrite Eq. (P) in terms of r[^>, ip, A^, a, 7r], if), ip, a and tt, we take the 
derivative with respect to ip and ip. By taking the Fourier transformation, we obtain the WT 
identity for the axial- vector vertex as follows: 

Q^s(p + Q,p) = ^/ 1 (P + ?)7s + il5Sj 1 (p) 

- 2 — — {p + q > pMq) + 2 — — {p + q ' pMq) - (7) 



On the other hand, by definition of f n , the decay constant of NG boson, it is well-known |14 
that the following relation holds in the limit of — ► : 

q^(p + q,p) = iSfip + g) 7 5 + ilsSj\p) + X ,(p, q)U (<f - 0), (8) 

where T^{p + g,p) is the proper axial- vector vertex and x-rr{p,q) is the amputated Bethe- 
Salpeter(BS) amplitude defined by Xn(p,q) = Sj 1 (p + q)J r .T.(0\T'p(x)ijj(0)\7i(q))Sj 1 (p). Com- 
paring Eq. (0) with Eq. we obtain 

A = 2Z-^( )( (T ), (9) 
X7r (p,0) = 2 75 ^, (10) 

where we used iSj l (p) = ^ — S(p) and (7r) = and 7r = Z^ttr. Notice that in Eq. (0) the 
proper axial-vector vertex is directly obtained by the Legendre transformation. 

In addition to these relations, we can derive the WT identity for the composite boson 
propagator by differentiating Eq. @ with respect to J a and J n : 

d;^(x)r^(x)a(y)n(z)} J=0 + U{<k(x)tt{z)) J=Q 8{x - y) - 2i(a(x)a(y)) J=0 6(x -z)=0. (11) 
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Fi glire 1 '. Insertion of a into the fermion propagator in the expression of the composite boson propagator 1 (0) . The solid 
line, the doted external line, the wave line and the prime sign represent the full fermion propagator St, the composite boson 7r, the 
gluon propagator and insertion of <r at zero momentum into the fermion propagator, respectively. Notice that insertion of er into 
the gluon propagator is in higher order of the l/7V c -expansion. 



After taking the Fourier transformation of (|IT), multiplying it by - Elfe^tiggj anc i s T [^^> A y-^^\ 



SnSn 



and taking — > limit, we obtain the composite Higgs boson mass as 

Z;1(0 )MJ(0) = ~ Zl 'J !M ; a ± °* (0.0,0) (12) 

= -(cr)r w (o,o,o), (13) 

where we used Eq. @, and Z~ 1 (p)Mj I {p) is defined through the cx-propagator D~ l {j>) = 
&2 ^t±^\ v) = Z-\p)(p 2 -MUp)) and 1^(0, 0, 0) ee ^^(0,0,0). Since Eq. © 
is derived through WT identity alone, Eq. ( |13D holds generally even in other models. In fact, 
we can easily confirm it in the linear-a model or the Standard Model(SM) at tree level. Thus, 
we may consider Eq. (0) as a generalization of the tree level relation in these models. 

Now we come to evaluation of r o - 7r 7r (0, 0, 0). It is rather difficult to obtain non-perturbatively 
the 3-point vertex r CTi7ri3r (0, 0, 0) in general case. Fortunately, in the GNJL model we can easily 
estimate this 3-point vertex by using the non-perturbative propagator of n. The propagator 
of the composite boson in the GNJL model was obtained by Appelquist, Terning and Wijew- 



ardhana [15|], whose technique was based on the resummation of the Taylor series around zero 
momentum of the composite boson under certain approximations. Recently, Gusynin and Reen- 
ders have given analytically the composite boson propagator in other approach without using 
the resummation f]l|. As far as we discuss r o - 7r 7r (0, 0, 0), however, the resummation technique 
is enough. We obtain the 3-point vertex r cr7r 7r (0, 0, 0) by insertion of a with zero momentum 
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Figure 2'. The 3-point vertex r o - i ^- i?r (0, 0, 0). The solid line with shaded blob and the doted external line represent the full 
fcrmion propagator Sf and the composite bosons a, it, respectively, while r CT and \n represent the er-vertex (r CT (p) 



) 



and the 7r-vertex at zero momentum, respectively. 



into the fermion propagator in the expression of zD~ 1 (0), which consists of the ladder graphs, 
(see Fig. 1). Notice that insertion of o into the gluon propagator is similar to the vacuum 
polarization graph and is in higher-order of the i/iV c -expansion. By using the resummation 
technique, we find that r o - 7r 7r (0, 0, 0) is graphically equal to Fig. 2 at l/iV c -leading order. Thus, 
r o -, 7r , 7 r(0, 0, 0) is written by 



r w (0,0,0) 



-2N e Z-\0) x 
d A p 



(2n)H 



tr 



27 5 S(p) 



27 5 S(p) 



d£(p) 



-2N C Z- X {V>)— J dxx 



Y?(x 



da 



-P 



As is well-known, f n is estimated by the Pagels-Stokar(PS) formula fl7 

£ 2 (x) 



f 



N c 



dxx- 



x dT, 2 (x) 
4 dx 



(14) 
(15) 

(16) 



27r 2 7 (x + £ 2 (x)) 2 ' 

Combining Eq. ([13]) with Eqs. ([1|) and fllBD , we finally obtain the formula for the composite 
Higgs boson mass as follows: 



Ml 



dxx- 



j; 



dS(x) 
da 



> + E 2 (x)) 2 



s 2 W - f 



4 cfa 



(x + S 2 (a;)) 2 



(17) 
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where we used Z n (0) ~ Z a (0) up to 0(M/A) due to the chiral symmetry and defined M H = 
M H (0). Of course, we can easily extend this result to the SU(Nf) L x S , t/(^) i? -symmetric 
GNJL model or TMSM. Note that Eq. fllTD reproduces the well-known NJL result M 2 H = 4<j 2 
in the pure NJL limit = a). 

In the case of the constant gauge coupling, we know the solution of the SD equation with 
one gluon exchange graph as J| 

-1 + Vl-A/A e 

a = S(A 2 ) + A 2 S'(A 2 ), (19) 

where the bifurcation method [O] is used and the infrared mass M is defined by E(M 2 ) = M. 
From Eqs. and (|T9|) the composite Higgs boson mass is obtained as 



2A^ 1+ A 2 " ' (20) 



where we used ^ ~ (x/A 2 )^^^ |[ and assumed M 2 (0) ~ M 2 H (M 2 ) ~ M 2 H [M 2 H ). 
Eq. © yields M# ~ \/2M in the limit of A -> oo(A 7^ 0), which is the same result as that 
obtained by Shuto, Tanabashi and Yamawaki through the PCDC relation ||. Eq. ( pUP also 



agrees with the RG analysis [|T2|, [T^] for a small gauge coupling {\ — J\ — \j\ c c± -^). In 



Ref. RID I, Carena and Wagner also obtained the same result as Eq. (|20|) by estimating the 
curvature of the effective potential in terms of the solution of the SD equation. However, both 
methods || |1(J essentially depend on the sub- and sub-sub- dominant solutions in the asymptotic 
expansion of the SD equation. The coefficient of the dominant term is obtained uniquely in 
various linearized methods, like the bifurcation method, the manner of replacing the mass 
function in the denominator of the SD equation by a constant mass, i.e., (x + S 2 (x) — > x + m 2 ) 
and the power expansion for the SD equation, etc.. On the other hand, coefficients of the sub-, 
or sub-sub-dominant term are quite different depending on the linearized methods. (Compare 
Ref. 0] with Ref. [flOfl). On the contrary, in our method the dominant solution of the SD equation 
already gives the desirable answer without using the sub- and sub-sub-dominant terms, and 
hence our formula dl7f) is more convenient than the previous ones. 
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In the case of the running coupling, the solution of the SD equation is |J 

/ hix/A 2 Y A/2 , 

where we used the usual improved ladder calculation |L8| and a ~ S(A 2 ) and A = 18C2/(11AT C — 
2Nf). Thus, we can obtain the composite Higgs mass in the GNJL model as follows: 

^^gl^l)( lnM y AU )--(-^ CD ) -( ln AVA| cc ) 



(lnM 2 /A 2 QCI3 )~ - (lnA 2 /A^ Dy 
This result is also consistent with RGE analysis at 1/N C - leading order. In the limit of A — > oo, 



Eq. (^) gives M H = 2^/ (A - l)/(2A - 1)M, which coincides with M H ~ V2M of Eq. in 
the limit of A — > oo (non-running limit). 

Even if we consider pure QCD, i.e., the pure gauge limit of the GNJL model(without 4- Fermi 
coupling), we can obtain the same relation as Eq. ( |T7D by repeating the previous derivation of 
the WT identity for the bi-local fields a oc ipip and ir a oc ifji^T "^ . The solution of the SD 



equation is obtained as follows WA 



S(x) ~ ^ (\nx/A2j CD ) A/2 1 (x » A 2 QCD ), (23) 



where the coefficient of C is equal to M dyn n 2 (\n fi 2 / Aq CD ) a / 2+1 under the condition of M dyn = 
S(/i 2 ) at the renormalization point /x and M^ yn is the constituent quark mass [Mdyn ~ 320MeV). 

2 

Now, we divide the integrations in Eq. (|17]) into the infrared part(/o t ) and the asymptotic 
one(J^ ) and define Ii n f ra + I for the integration of the numerator and Ji n f ra + J for that of 
the denominator, where I/Mj yn and J/Mj yn are numerically equal to 0.22 and 0.44 for \i = 
1 GeV and Aq C d ~ 200 MeV, respectively. Thus, we find that Ji„/ ra gives the same order 
contributions as that of J to the decay constant /„- in contrast to the case of the GNJL model 
with a small gauge coupling. It is very difficult to estimate the infrared correction of Jinfra 
without assumptions. We simply assume that the mass function depends linearly on x in the 
infrared region as E(x) ~ Mdyn ~ E(0) x + S(0) (0 < x < /i 2 ). We find S(0) ~ 100 MeV, provided 
that the PS formula including the correction of Ji n f ra gives f n = 93 MeV. Then, we obtain 
M 2 ~ 2.1 x Mj yn by using Eq. (0). This result is not changed for N f = 2 ~ 5. 

In summary, a new formula for the composite Higgs boson mass ([17]) was derived from 
the WT identity. In the GNJL model, the dominant solution of the SD equation gives the 



desirable answer consistent with the previous calculations H 12, Kj. Thus, our method is 
more convenient than the manner based on the PCDC relation which depends on the sub- 
and sub-sub- dominant terms. By using the formula of Eq. (f[7|), the same analytical result 
(pOD as that from the RGE analysis was obtained easily in the case of the constant gauge 
coupling. If the running coupling effects are taken into account, the new relation of Mh — 



2,J(A - l)/(2A - 1)M is obtained for the GNJL model in the SD approach. 

Our approach may also be applied to QCD. By using our formula naively, we obtain the 
scalar meson mass as M a ~ \/lM dyn , i.e., around 500 MeV, where the decay constant is 
estimated by the PS formula. It is consistent with the light scalar a meson, whose mass is 
400-1200 MeV in Particle Data Group @ and is recently estimated to be 400-600 MeV |20[ 



Of course, f n may be estimated by other approach instead of the PS formula, for instance, by 
the ladder exact approach plj, which, however, would not change significantly the relation of 
M a ~ V2M dyn in QCD. 

A problem would be to clarify the relation between our formula and the PCDC relation, 
both of which yield similar results at least numerically. Actually, our Higgs mass formula of 
Eq. (|T7|) does not look like a simple modification of the PCDC relation of Eq. (jl]). This will be 
studied in future work. 



The author is very grateful to K. Yamawaki for helpful discussions and reading this manuscript 
carefully. Thanks are also due to M. Sugiura and V. A. Miransky for discussions. 
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